Abstract. Let G be a compact semisimple Lie group, g its Lie algebra, ð ; Þ an Ad G -invariant inner product on g, and M an adjoint orbit in g. In this article, if ðM; ð ; Þ jM Þ is Kähler with respect to its canonical complex structure, then we give, for a closed minimal Lagrangian submanifold L H M, upper bounds on the first positive eigenvalue l 1 ðLÞ of the Laplacian D L , which acts on C y ðLÞ, and lower bounds on the volume of L. In particular, when ðM; ð ; Þ jM Þ is Kähler-Einstein, (r ¼ co, where r and o are Ricci form and Kähler form of ðM; ð ; Þ jM Þ with respect to the canonical complex structure respectively, and c is a positive constant,) we prove l 1 ðLÞ a c. Combining with a result of Oh [5], we can see that L is Hamiltonian stable if and only if l 1 ðLÞ ¼ c.
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Introduction.
Let CP n be the n-dimensional complex projective space and g be the FubiniStudy metric of CP n with its holomorphic sectional curvature 1. In ½6, A. Ros gave upper bound of the first positive eigenvalue of the Laplacian and lower bound of the volume of closed CR-minimal submanifolds of CP n . The technique used in that paper is as follows; let HMðn þ 1Þ ¼ fA A glðn þ 1; CÞ j A ¼ t Ag and define an inner product ð ; Þ on HMðn þ 1Þ as ðA; BÞ ¼ 2 traceðABÞ. Then ðCP n ; gÞ is isometrically embedded in ðHMðn þ 1Þ; ð ; ÞÞ, and using estimates for the total mean curvature of a closed Riemannian manifold isometrically embedded in a Euclidean space, proved by B.-Y. Chen in [2] , [3] , the desired bounds were obtained. In this article, we will apply this technique to closed minimal Lagrangian submanifolds in adjoint orbits. Let G be a compact semisimple Lie group, g its Lie algebra, ð ; Þ an Ad Ginvariant inner product on g, and M an adjoint orbit in g. Suppose that the Lie group G acts on M e¤ectively. (In this paper, when we say ''adjoint orbit'', we suppose that it satisfies this condition.) Then M has canonical complex structure J, and canonical symplectic form F , which is Kähler with respect to J, see [1] or section 3 below. We regard that M is isometrically embedded in ðg; ð ; ÞÞ. The 2-form associated with ð ; Þ jM and J, which is defined by oðX ; Y Þ :¼ ðJX ; Y Þ jM , is not always Kähler. But, when this associated 2-form is equal to a times the canonical symplectic form for a positive constant a, we get the following bounds. Theorem 1.1. Let G be a compact semisimple Lie group, g its Lie algebra, ð ; Þ an Ad G -invariant inner product on g, and M
2m an adjoint orbit in g with the associated 2-form being equal to a times the canonical symplectic form for a positive constant a, i.e. oðX ; Y Þ : So we have the following corollary.
Corollary 1.3. The situation being as in Theorem 1.1, suppose that ð ; Þ jM is Kähler-Einstein with respect to the canonical complex structure J, and its Ricci form equals to co for a positive constant c. Then the following three conditions are equivalent;
(1) L is Hamiltonian stable. The auther would like to express his hearty thanks to Professor Akito Futaki who gave him valuable advices. We can think of (2.1) as the decomposition ofs s to the component tangent to X , which is s, and the one normal to X , which is s. Since Y ,! X is minimal, the mean curvature vectorH H of embedding Y ,! R k is obtained bỹ 
The equality holds if and only if there is a constant vector c A R k such that the embedding x jY À c : Y ! R k is an embedding of order 1.
In section 4, we will apply these corollaries to the case of the adjoint orbits.
3. The adjoint orbits of compact semisimple Lie groups.
In this section, we review the chapter 8 of [1] .
Let G be a compact semisimple Lie group, g its Lie algebra, ð ; Þ an Ad Ginvariant inner product on g, and M an adjoint orbit in g. Suppose that the Lie group G acts on M e¤ectively. In this paper, when we say ''adjoint orbit'', we assume that it satisfies this condition. For U A g, the fundamental vector field attached to U, X U is defined by
Similarly, we have an identification
where N w M is the normal space of M H g at w A M.
Next, we will define the canonical complex structure J on M. For w A M, let G w :¼ fg A G j AdðgÞw ¼ wg, S w the connected center of G w , and s w the Lie algebra of S w . Note that w A s w . Then M w is preserved by Ad G w and ad L w . Since the restriction of the adjoint action of G w on M w to S w is completely reducible, we have an Ad S w invariant orthogonal direct sum decomposition
where each E w; j is a real 2-dimensional vector space isomorphic, as a S wrepresentation space, to the irreducible representation G a j : S w ! GLð2; RÞ defined by G a j ðexpðsÞÞ ¼ cos a j ðsÞ Àsin a j ðsÞ sin a j ðsÞ cos a j ðsÞ ðs A s w Þ: ð3:3Þ
Here a j A s Ã w is the weight of G a j (via ð ; Þ js w , a j may be viewed as an element of s w ). We choose each a j so that a j ðwÞ > 0. Then E w; j is oriented by the basis for which the action of S w is represented by G a j . The almost complex structure J on TM is defined as J w X ¼ 1 a j ðwÞ ½w; X ðw A M; X A E w; j Þ: ð3:4Þ
This almost complex structure is integrable and G-invariant, see [1] . We call J the canonical complex structure of M.
Finally, we define two G-invariant closed 2-forms, canonical symplectic form and G-invariant Ricci form. Let the 2-form F on M be defined by where U; V A g such that X ¼ ½U; w, Y ¼ ½V ; w. Then it is proved that F is the G-invariant Kähler form of a G-invariant Kähler struture compatible with the canonical complex structure of M, see [1] . We refer to F as the canonical symplectic structure of M.
There is unique, up to multiplication by a positive constant, G-invariant volume form W on M, which is the volume form of ð ; Þ jM . Since the Ricci form of a Kähler metric depends only on the complex structure and the volume form, the Ricci form of any G-invariant Kähler metric on M relative to the canonical complex structure equals to Cr, where r is the G-invariant Ricci form determined by J and W, C is a positive constant. This G-invariant Ricci form r is computed as In the same setting as in the previous section, we define the 2-form o by oðX ; Y Þ :¼ ðJX ; Y Þ. In general, this 2-form is positive definite and type ð1; 1Þ with respect to J but not closed. We have the following lemma. Proof. For w A M, X j A E w; j , X k A E w; k with j 0 k, we have ½ð1=ða j ðwÞÞÞJ w X j ; w ¼ X j and thus
where the second equality is derived from the Ad G invariance of inner product ð ; Þ on g, and the third one is derived from ½w; J w X j A E w; j and J w X k A E w; k . Similarly, we have ½Àð1=ða j ðwÞÞÞX j ; w ¼ J w X j and thus Let fe j ; Je j g be the orthonormal basis of E w; j H M w . Then
Je j a ; e j ! ¼ À1 ma gðwÞ:
The last equality holds since gðwÞ A s w H L w . Finally, from the direct computation, we have
gðwÞ; Je j a ; À e j a ¼ 1 a 2 ðgðwÞ; gðwÞÞ: r Corollary 4.3. Let x : M ,! g be a closed adjoint orbit with o ¼ aF . Moreover, suppose that ðM; oÞ is Kähler-Einstein with respect to the canonical complex structure J and that its Ricci form equals to co for a positive constant c. Then x is the embedding of order 1.
Proof. We apply Theorem 2.2 to the embedding x : M ,! g. Then we have l 1 ðMÞ a 2c, by Lemma 4.2. On the other hand, since the Lie algebra of Killing vector fields on M is non trivial, by Theorem of Matsushima [4] (see also Theorem 11.52 of [1] ), we have l 1 ðMÞ ¼ 2c. By (3.5), (3.6) and the assumption r ¼ co ¼ acF , we have gðxÞ ¼ acx. So, by (4.3), we have 
In this example, geometrical objects at w 0 (tangent space, canonical complex structure, and so on) are
the canonical complex structure at w 0 is the left multiplication by J 0 , Proof.
. Then
On the other hand, it is easily seen that
So we have Let s : Gr n; p ðCÞ ! Gr n; p ðCÞ be an involutive anti-holomorphic isometry defined as x 7 ! x, where, for x A Gr n; p ðCÞ which is represented by a pdimensional subspace in C n spanned by orthonormal vectors ða 1j ; . . . ; a nj Þ A C n ð j ¼ 1; . . . ; pÞ, x is represented by the subspace spanned by fða 1j ; . . . ; a nj Þg p j¼1 . Then the fixed point set of s L ¼ fx A Gr n; p ðCÞ j x ¼ sðxÞg is a totally geodesic Lagrangian submanifold, by Proposition 6.1 of [5] or Lemma 1.1 of [7] . Moreover, in [7] , it was proved that l 1 ðLÞ ¼ 1=2, when we regard the Grassmann manifold Gr n; p ðCÞ F M as the Hermitian symmetric space SUðnÞ=SðUðpÞ Â Uðn À pÞÞ with the metric induced from the Killing form of 
